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1. 
I SUMMARY AND CONCLUSIONS 
The objective of these tests and studies was to establish the 
relationships between load and deformation for reinforced concrete members 
subjected to static flexural loadingo The approach to this problem has 
been mainly experimental, guided by theoretical considerations. 
The tests were made on 33 reinforced concrete beams, 6 in. by 
12 in. in cross section, having a span length of 9 ft., and loaded at the 
third points. Twenty-one of these beams were provided with tension rein-
forcement, While 12 were provided with both tension and compression rein-
forcement. The main variables in these tests were the concrete strength, 
the percentages of tension or compreSSion reinforcement, and the method 
of' tying the compress:Lon reinforcement. 
The tests have been described, and the test results have been 
presented in both tabular and graphical form. Comparisons of the test 
resul ts of various beams have been made to show the effects of the variables 
introduced 0 
An analysis has been developed that predicts the load-deflection 
diagrams for the beams tested. This analysis consists of expressing the 
conditions at the critical pOints of the load-deformation curvesQ 
In the e~uations expressing the conditions at the yield point, 
a transformed section and a linear stress-strain relationship for the 
concrete are assumedo Although these assumptions are rather crude for 
- beams near balanced design, the equations give satisfactory results. 
The equations expressing the conditions at the maximum 1000-
carrying capacity involve the values of k/kl~' kl~ and eu; where ~ and 
2. 
k2 are coefficients defining the magnitude and position of the internal 
compressive force in the concrete, k3 is the ratio of maximum compressive 
strength of concrete in a beam to the corresponding compressive strength 
of standard test cylinders, and e is the ultimate strain in the concrete. 
u 
These values were determined empirically. In this investigation, the 
value of k!kl~ has been found to be approximately o. 5, kl~ = 0.625 + 
Q 600 00' and € = 0 0 004. f - 15 u 
c 
Comparisons between the theoretical and experimental results 
have been made 0 These are presented in both tabular and graphical form. 
The following conclusions can be drawn from the test results: 
(1) Concrete strength has little effect on the energy absorb-
ing capacity of beams failing initially in tension but does 
have an effect on the energy absorbing capacity of beams 
failing initially in compressiono 
(2) The ductility of a beam is dependent upon the reinforcing 
index as can be seen from the test results. The midspan 
deflection of beams with a cross section of 6 x 12 in., an 
effective depth of approximately 10 in., and a span of 9 fto 
varied from less than 1 in. to more than 6 ino when carry-
ing the maximum loado This is a variation in deflection 
of from 0.9 to 505 percent of the span lengtho 
(3) 'llle compression reinforcement adds to the ductility of a 
beam. The addition of compression reinforcement strengthens 
the compression zone and thus raises the neutral axiso This 
enables a larger angle change to take place before the 
concrete crushes and thereby increases the deflection which 
the beam can undergo and still carry near maximum loads. 
(4) In order for the compression reinforcement to be the most 
effective, it must be well tiedo 
4. 
II 'INTRODUCTION 
1. Object 
The ultimate aim of this investigation is the development of 
methods for predicting the load-deflection or moment-rotation character-
istics of reinforced concrete members subjected to dynamic loading 0 How-
ever, in order to plan an intelligent investigation of these character~ 
istics, the load deflection or moment-rotation characteristics of rein-
forced concrete members subjected to static loadjng must be known. A 
review of the available data shows that ve~J little is known about the de-
formations required to develop the maximum load-carrying capacity of rein-
forced concrete members. Therefore, the object of this phase of the in-
vestigation is to establish the relationships between load and deformation 
for reinforced concrete members subjected to static loading 0 
The reason for determining the load-deformation dharacteristics 
of reinforced concrete members is to ascertain the energy-absorbing cap-
aci ty of the members. Since the greatest part of the energy absorbed by a 
member is absorbed after the member has yielded, the load~deformation 
characteristics of a member subjected to stresses in the plastic range are 
of particular interest. 
In an actual structure there are ma.ny kinds of stresses and 
stress combinations vhich contribute to the e~ergy absorbing capacity of 
_ the entire structure. However, since very little is known about even the 
energy absorbing capacity of a reinforced concrete member subjected to the 
simplest kind of stress, it vas deemed necessary to establish by exper-
iment the complete load-deformation relations for the simple case of pure 
flexure before complicated stress combinations were considered. 
20 Scope 
Although a great many variables must be considered in a complete 
study of the flexural load-deformation characteristics of reinforced con-
crete members, it was not considered practicable to introduce all of them 
in this phase of the investigation 0 However, studies of previous invest-
igations, and analyses made in connection with this study, indicated that 
the most important variables are the concrete strength and the steel per-
centage and properties; therefore, these were chosen as the principal 
quantities to be studiedo 
The results of both analytical and experimental investigations 
are presented in this report 0 The analysis was developed to predict the 
load-deflection curves for simple beams in flexure. The results of the 
analysis were tested by comparison with test resultso It was found that 
the method is capable of predicting with a fair degree of accuracy the 
following properties of the load-deflection curves obtained from the tests: 
(1) The load at first yielding of reinforcement 
(2) The deflection of the beam or the rotation in the constant 
moment section at a load corresponding to (1) 
(3) The maximum load carried by the beam 
(4) The deflection or rotation corresponding to the maximum 
10000 
With these four quantities the load-deflection diagram for beams with tension 
reinforcement only or with both tension and compression reinforcement may be 
constructed, and the energy-absorbed capacity computed. 
6. 
The results of static load tests of 33 reinforced concrete beams 
in flexure are reported herein and compared with the predictions of the 
analysis 0 Twenty-one of these beams were provided with tension rein£orce-
ment only, while 12 were provided with compression as well as tension rein-
forcemento Adequate provisions against shear ~ailure were made in practi-
cally all beams. The principal variables were the strength of the concrete, 
the amount o~ tension or compression reinforcement and the manner of tying 
the compression reinforcement. 
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40 Notation 
The following notation is used in this report: 
A = area of tension reinforcement 
s 
AU = area of compression reinforcement 
s 
a = depth of stress block in concrete at maximum load-carrying 
capacity 
b = width of a rectangular beam 
Cl = compressive force in concrete 
C2 = compressive force in the compression reinforcement 
d = distance from ce,ntroid of tension reinforcement to 
compression edge of beam 
E = moduluS of elasticity of concrete; assumed approximately 
c equal to 1,800,000 + 460 fB 
C 
E 
s 
E 
o 
f 
0 
f 
s 
f~ 
s 
f y 
= modulus of elasticity of6reinforcing steel in the elastic 
region, taken as 30 x 10 psi ,throughout this report 
= slope of stress-strain curve for reinforcing steel in work-
hardening region (See Fig. 1) 
= 
= 
= 
= 
compressive strength of concrete as determined from tests 
of 6 x 12-ino cylinders 
defined in Figo 1 
stress in tension reinforcement 
stress in compression reinforcement 
yield point of tension reinforcement 
yield point of compression reinforcement 
= moment of inertia of beam cross-section transformed to 
concrete 
k = ratio indicating relative depth to neutral axis of transformed 
section of beams reinforced in tension onlyo (straight-line 
theory) 
k U = ratio indicating relative depth to neutral axis of trans-
formed section of beams reinforced in tension and compression 
('straignt-line theory) 
k n = a factor which when multiplied by ~ yields the distance 
between tension and compression reinforcement 
= coefficients defining the magnitude and position of the 
internal compressive force in concrete (See Fig. 2) 
8" 
~= ratio of maximum compressive strength of concrete in beam 
to compressive strength of standard test cylinders, fU 
c 
L = length of beam span 
M = bending moment at yield point y 
M = maximum bending moment at maximum load-carrying capacity 
max 
n= E /E = modular ratio s c 
p = A /bd s 
pu 
= AU/bd s 
T = force in tension reinforcement 
~ = midspan deflection at yield point y 
~ult = midspan deflection at maximum load-carrying capacity 
€ = s 
€ = y 
€ = 
0 
E_ = u 
<P = y 
Cj>ult = 
strain in steel* 
strain in steel at yield point'*' 
strain in steel at beginning of work-hardening*' 
ultimate strain in concrete* 
curvature of beam at yield point, in region of constant 
moment 
curvature of beam at maximum load-carrying capacity, in 
region of constant moment 
In all cases the absolute values of strain are used in the 
analysis 
Sa 
The significance of the letter and numeral symbols serve to identify 
the various beams in the following manner: 
For b'eams reini'orced in tension only: 
The letter T indicates that the beam was reinforced in tension only 
in the region of pure flexure. The numeral following the letter! is the value 
pf 
of the reinforcing index Cl = r in tenths, rounded to the nearest tenth 0 The 
c 
letter b ~ or !! appearing next designates the concrete strength; that is low, 
medium, or high, where low is from 2000 psi to 3000 psi, medium is from 3000 psi 
to 4000 psi and high is from 4000 psi to pOOO psio The lower case letter .§:.' E.., 
or ,£ following the concrete strength designation identifies the individual beams 
when two or more similar specimens were testedo 
For beams reinforced in compression as well as tension: 
The letter C indicates that the beam was reinforced in compression as 
well as tension in the region of pure flexure.. TIle numeral following the letter 
pf 
C is the val ue 0 f q = r in tenths, as before 0 The letter ~ !.J -:f..., or ~ appearing 
c 
next indicates the spacing of the ties in the region of pure flexure~ ~e letter w 
refers to compression reinforcement without ties; 3S indicates that the tie spacing 
was that specified b:l AC"I. 318-51; J.. indicates that the tie spacing was one-half 
that specified b~' .) ACI. 318-51; and z indicates that the tie spacing was one-fourth 
that specified by AC-;' 318-510 The letters n or m indicate the type of tie used, 
as shown in Fig. 4 0:- -:.he reporto The lower case letter a or £, where it appears, 
indicates that two sin:i:'ar specimens WEre tested. 
Examples ~ 
Beam TLLa is reinforced in tension only, has a value of the reinforcing 
index .9. equal to 001, a concrete strength between 2000 and 3000 pSi, and is one of 
two or more similar beams. Beam. C3yna is reinforced in compression as well as 
tension, has a value of Sl equal to 003, has a tie spacing in the region of pure 
flexure one-half that specified by ACI 318-51, has type ~ ties, and is one of two 
or more similar beams ~ 
9. 
III DESCRIPTION OF TEST SPEClNENS z MATERIALS AND FABRICATION 
5. Description of Test Specimens 
The choice of the size of the test specimens was influenced by 
two factorso First, it was desired that the beams be sufficiently large 
so the smallest steel percentage could be attained by using two commercial-
size deformed bars as longitudinal reinforcement 0 And second, the beams 
should be suffic iently small so future tests under dynamic loading could 
possibly be made with the same size spec:iJ:neno With these considerations 
in mind, a beam cross-section of 6 in. by 12 ino and a beam span length of 
9 fto were chosen. The overall length of the tesii beams was 10 fto 
The beams were loaded at the third points in order to subject a 
considerable portion of the specimen to pure flexure and still keep within 
reasonable load and shear requirements. Load was applied through bearing 
blocks which were 8 in. square and 3 in. thick. 
In the series of tests employing tension reinforcement only, the 
reinforcing index q = Pf~f~ was varied in such a manner as to cover the 
range from beams having less reinforcement than specified by usual design 
codes to beams having sufficient reinforcement to obtain initial concrete 
compression failures. This is shown in the plot of 9.. vs. f D in Fig. 30 
c 
In order to va:ry the parameter 9. in the series of beams rein-
forced in tension only, the concrete strength, f U , Was varied from 2000 to 
- - - c--
6000 psi, and the percentage of tension reinf'orcement, ~ was varied from 
0034 to 7022 percent as shown in Table loIn order to vary the tens ile and 
compressive resistance of the beams reinforced in tension and compression, 
the following factors were varied as sho"WIl in Table 2: concrete strength, 
fO from 2000 to 5000 psi; the percentage of tension reinforcement) ~ from 
c 
1~38 to 5061 percent; the percentage of compression reinforcement) ~o, from 
00625 to 2080 percent; the ratio of the area of compression reinforcement) 
E.G, to the area of the tension reinforcement, EJ from 00454 to 0.733; the 
ties in the region of pure flexure, from no ties to ties at one-quarter of 
the spacing required by the AoC.lo Code (318-51); and the manner of tying 
the compression reinforcement as shown in Figo 40 
Since the shear requirements of Aoe.Io 318-51 were satisfied, no 
shear reinforcement was provided in the first eight beamso However, the 
first two beams tested failed in diagonal tension, and shear reinforcement 
was therefore provided in the subsequent tests. Putside 99clamp-on ii 
stirrupsj as shown in Figo 5, were used on the beams already fabricated 
without web reinforcement, and conventional vertical stirrups were provided 
in the remaining beams < These stirrups were designed to carry all of the 
predicted maxlffiUID shearing force at a computed unit stress in the stirrups 
of 30) 000 psio 
60 Materials 
(a) Cement Type I Portland Cement was used in all test beamso 
The cement was purchased in paper bags in two lots from a local dealer and 
stored under proper conditions 0 
(b) Fine and Coarse Aggregates Ilhe fine aggregate was Wabash 
River torpedo sand having an average fineness modulus of 3010 The coarse 
aggregate was Wabash River gravel of I-in. maximum sizeo The gravel had a 
rather high percentage of fineso The aggregate sieve analyses are given 
in Table 3. The specific gravities were 2065 and 2070 for sand and gravel, 
respectively 0 The absorption of both fine and coarse aggregate was about 
110 
one percent by -weight of the surface dry aggregate. 
The o:rigin of these aggregates is a glacial outwash, mainly of the 
Wisconsin glaciationo The major consituents of the gravel were limestone 
and dolomite, and there were minor quantities of quartz j granite, gneiss, 
etco The sand consisted mainly of quartz with the coarser fractions similar 
to the gravel 0 
The aggregates were purchased in three lots from a local dealer 
and stored unde:r proper conditionso 
(c) Reinforcing Steel Seven sizes of deformed bars were used as 
longi tudinal re inforcement j No 0 3 through No 0 9. All of the deformed bars 
used met the minimum requirements for deformations of' deformed steel bars 
for concrete reinforcementj ASs:IM Designation A 305-5OTo A photograph of 
samples of these bars is given in Figo 60 One beam was reinforced with 
plain barso .All bars were of intermediate grade steel meeting the require-
ments of ASTM ~signation A l5~39o 
The steel reinforcement was purcbased in 22~fto lengths from a 
comrnerc ial dealer 0 All bars were from the same lot except the bars in the 
first two beams fabricated which were from the laboratory stocko Properties 
of each bar used, determined from tension tests, are listed in Table 4, and 
a typical stress~strain curve for each size of bar is given in Figso 7, 8, 
9, and 100 The tests were made in a l20,OOO-lbo capacity Baldwin Soutb:wark 
Tate=Emery hydraulic testing machineS' and strains were measured with an 8""'in .. 
extensometer and recorded with an automatic recording deviceo The extenso-
meter employs a uUmicroformerou coil in measuring strain 0 As used, the 
extensometer had a range of 4~percent strain and an error of less than one 
percent of the reading" 
120 
70 Fabrication and Curing 
(a) Preparation of Steel Reinf'orcement The first step in the manu-
facture of the specimens was to cut the longitudinal bars to length. The bars, 
as supplied, were of such dimensions that two lengths of longitudinal rein-
forcement and one tension test coupon could be obtained from each bar. The 
gage lines for the mechanical strain gages were then marked and the gage holes 
punched and drilled 0 A small piece of electricianUs tape was placed over 
each gage hole to protect it during the casting of the concrete. Corks were 
wired to the bars at each gageaohole location in order to form. core holes in 
the sides of the beam to provide access to the bars 0 The core holes may 
have slightly 1nfluenced the formation of tensioILcracks, but such cracks 
would have occurred in any event before the steel stresses became largeo 
The stirrups and ties were fabricated in the labor&tory, and the 
reinforcement was assembled into a unit before it was placed in the forms 
as shown in Figo 60 The longitudinal steel was placed inside the stirrups 
or ties and securely wired to them as shown in Figso 11 and 120 Spacer bars 
and chairs were used to insure accurate spacing of these bars 0 All bars had 
approximately one inch of concrete covering at any surface 0 
In siz of the twelve beams with compression reinforcing, SR-4 
electric resistance strain gages were mounted on this reinforcement 0 To 
facilitate mounting of these gages, the lugs were ground off over half the 
~erim.eter of the bar for a length of about 105 in. It has been found in 
other investigations that the yield point and ultimate strength of the bar 
is little affected by the local removal of the lugso* 
'* Hognestad, Eo, !l1lA Study of Combined Bending and Axial wad in 
Reinforced Concrete Members!l1l, University of Illinois'Engineering Experiment 
Station Bullet1n Noo 399, Novo 1951, Po 18. 
(b) Casting of Concrete All concrete was mixed in a non~tilting 
drum type mixer of 6-cuo fto capacity and placed with the aid of a high 
frequency laboratory~type internal vibratoro Two batches were used in each 
beamo In spite of the use of a butter mix to condition the mixer prior to 
the first batchJ the strength of the two separate batches having the same 
nominal proportions varied to some extento In order that the concrete in 
the constant moment section of the beam be from the same batch, the first 
batch of each mix was placed in the outer quarters of the beam and the 
second batch in the central half 0 The properties of the mixes are given in 
Table 5 and the test-day and 7-day strengths are plotted against the cement-
water ratio in Fig. 130 
.Although the mix was designed to have a slump of 2 to 3 in., the 
actual slumps varies from 005 to 7 in. as shown in Table 5.. The con-
sistency was difficult to control because the moisture content of the 
aggregate varied and the mixing of only two batches afforded little chance 
for adjustmento 
The beams were cast in steel fonns 0 llie forms were removed the 
day after the beams were castJ and the beams were stored under moist con-
di tions for an additional six days 0 They were then stored in the air of 
the laboratory until testedo Six 6 by l2=ino control cylinders were cast 
from each batch of concrete and were vibrated and cured in the same manner 
as the beams 0 Three of these cylinders were tested at seven days to give 
some indication of the compressive strength; the remaining three cylinders 
were tested on the day the beam itself was tested 0 
r.l DESCRIPTION OF APPARATUS AND TEST PROCEDURE 
80 Description of Test Apparatus 
(a) Loading Apparatus The beams were tested on a 9aofto span with 
loads applied at each one-third point. The beams were tested in a 300,000-
lbo capacity Riehle screw=type testing machine and were offset in the machine 
to provide access to the entire length of the beam for mechanical strain gage 
readings, as shown in Figso 14 and 150 The jack on the west end of the load-
ing rig was used to keep the loading beam approximately level during testingo 
The testing machine was used to apply deformation, and a 125,000-lbo elastic-
ring dynamometer was used to measure the applied-load. The weight of the 
distributing beam, 600=Ib 0, was taken into account in all calculations since 
the dynamometer did not measure this loado 
(b) Instrumentation Tensile strains in the steel were measured 
on six~inch gage lengths with a mechanical type strain gage. A Berry type 
mechanical strain gage was used until the strains exceeded its range, after 
which a direct'~reading type strain gage was employed 0 The Berry gage had 
a multiplication ratio of 50329 and was equipped with a OoOOI-in. dial micro-
meter 0 The precision of readings with this gage was on the order of 0.00003 
straino The direct~reading gage was equipped with a GoGOl-in. dial micro-
meter and was read to the nearest OoOOl-inc 
As shown in Figc 16, the six~inch mechanical gage lines OD each 
bar of the tension reinforcement were continuous thrpughout the entire span 
on the first l6 beams testedo However, after a study of the test data 
obtained from these beams, it was decided to elimimte the gage lines in the 
outer thirds of the span on the remain~g 17 beamso 
lJ1l.e compressive strain on the top surface of the concrete was 
measured with SR=4 electric resistance strain gagesc These gages were 
located as shown in Figo 160 The three central SR~4 gages (Noso 2,3,4) 
were of type A=9, with six~inch gage lengths and were located so as to be 
directly above the three central gage lines on the tension reinforcement 
in order that the angle-change at midspan could be measuredo The outer two 
gages (NOSe 1 and 5) were of type A=11, with one=inch gage lengths, and were 
used as check gages at the outer extremities of the constant moment section. 
The strains in the compression steel at midspan of six of the 
twelve beams reinforced in compression were measured by means of SR-4 elect-
ric resistance strain gages, type A=11, with ona""'inch gage lengthso These 
gages were mounted on the bars and carefully waterproofed with Petrolastic 
asphaltic compound or Cycleweld c=14 cement so that they would function 
properly after being embedded in the fresh concrete 0 
The deflections of the beams with respect to the bed of the test-
ing machine were measured to the nearest one=hundredth of an inch by means 
of a steel scale and crossa>section paper targets on the sides of the beamso 
These deflections ~ere measured at seven locations along each side of the 
first II beams tested, and at nine locations on each side of the remaining 
22 beams as shown in F1.gu 17. In order to determine the midspan deflection 
curves more accurately for the last eight beams tested a O"OOl-ino dial 
indicator deflectometer vas usede 
The appearance of the failure of the first beam suggested that 
the diagonal tension failure could have been initiated by a bond failure; 
therefore OoOOOl=in. dial indicators were mounted on the second beam in 
order to detect any end~slip of the tension reinforcemento The failure of 
16. 
the second beam was similar to the first beam and)' since no end-slip was 
observed, these measurements were not made on the remaining beams o 
90 Description of Test Procedure 
The beams were tested at ages from 28 to 70 days as shown in 
Table 50 
The increments of loading were based upon the critical factors 
during each stage of the testing procedurec Up to the yield load, the in-
crements were based upon the dynamometer readings Which measured the applied 
load. The load which caused yielding could be estimated closely from cal-
culations based on an ultimate theory or from the results of previous tests. 
Mter Yielding" the increments of loading were based upon the concrete 
strain until the concrete in the compression zone crushed 0 Mter the con-
crete crushed, the increments were based upon the measured deflections until 
the beam collapsed or until the test was stopped because of the instability 
of the loading apparatus 0 From four to six approximately equal increments 
of load were applied between zero load and the yield load, and depending 
upon the ductility of the beam a total of 9 to 25 increments were applied 
between zero load and collapseo 
The following measurements were recorded after the application of 
each increment of deformation ~ the maximum load attained during the 
application of' the deformation, the deflections along the beam, the strains 
in the concrete, the strains in the reinforcement, and the load the beam 
was carrying after all measurements had been taken. In addition to these 
measurements, the crack pattern was marked after each increment and a running 
log of any significant change in the behavior of the test was kept. 
A continuous photographic record was made of the beams during test-
17· 
:ingo These photographs were taken at every Significant change in the crack 
pattern or In the general appearance of the beam $ These records were made 
on 35 1Iilllo fil1n from which positive film strips were printed 0 By projecting 
these photographs .ona screen the appearance of the beams during testing and 
the development of cracks could be studiedo 
The applications of each increment of load and the taking of all 
the measurements required about 20 minuteso The entire testing of one beam 
required from five to eight hourso 
On the day the beam was tested, six concrete control cylinders 
were tested, three from each batch of concrete in the beam. 
18. 
V DERIVATION OF EXPRESSIONS FOR 
CRITICAL MOMENTS AND DEFORMATIONS 
10. AssUl1ll?tions 
The follOwing are the assumptions made in the calculations for 
theoretical load~eflection relations: 
(1) Linear strain distribution.. Linear distribution of strains 
throughout the depth of the beam is assumed at all stages. 
(2) Stress-strain relationship for steel. The stress-strain 
relationship for the steel is assumed to be known. In the 
theory, the actual stress-strain eurve of the steel is 
approximated by an idealized curve consisting of three 
straight lines as shown in Fig. 1. 
(3) No tension resisted by concreteo Tension stresses in the 
concrete are neglected. Although some tension str~sses must 
always exist, their effect on the moment-carrying capacity 
and deformations of interest in this report can be neglected 
with little error. 
( 4) Crushing of concrete at a lim! ting strain. 
i 
The theory is 
based upon the assumption that the maximum flexural capacity 
is reached when the concrete crushes. '!he crushing of the 
concrete is assumed to occur When the concrete strain reaches 
some limiting value that is assumed to be a function of the 
~ssive &trength of the concrete. 
(5) Buckling of cOmpression steelo The compression steel is 
assumed to buckle as soon as the concrete crushes .. 
(6) Bond between concrete and steelo The bond condition be-
tween the reinforcement and the concrete influencesthe 
condition of compatibility of strainso Perfect bond is 
assumed to exist between the concrete and steel. This 
assumption is not strictly correct since local bond fail-
ures occur in the vicinity of cracks. 
Ao BEAMS REINFORCED IN TENSION ONLY 
llo At Y~eld Point 
The load and deformation at the yield point can be satisfactor;i.ly 
detennined by use of the conventional "straight-line" theory which assumes 
a linear stress=strain relationship for the concrete and thus leads to a 
linear stress distribution in the concreteo In reality, the stress distrib-
ution in the concrete will be linear only if the maximum. fiber stress at 
the top of the beam is well below the compressive strength of the concrete. 
This will be true only for upder""re:inforced beams; that is, beams having 
percentages of reinforcement or values of .9.. below those necessary to pro-
duce simultaneous failure by crushing of the concrete ?lld yielding of the 
steelo If a more precise calculation is desired, a concrete stress block 
similar to that shown in Figo 2 may be employed .. 
If linear stress=strain distribution in the concrete is assumed, 
as shown in the sketch on the following page} the yield-point moment and 
deformations for beams reinforced in tension only and failing by yielding 
of the reinforcement can be computed as follows: 
d (l-k) 
If we define 
and 
Transformed Area 
E 
s 
n =-E 
c 
A 
s 
P - bd 
d (1- !£) 3 
Stress Distribution 
then, as in the conventional ~straigh.t-lineiu theory, the depth to the 
neutral axis is kd where 
, I .)2 j k =\l2pn + ~pn "" pn 
The moment acting on the beam when the reinf'orcement is stressed to the 
-yield point, f , is then: y 
M = Td (1 ~. ~) = A f d (I ~ k3) y 3 s y ( 4) 
The moment of inertia of the section, trans~ormed to concrete, is: 
ba3 - 7) + nA d2 2 Iy = k" (1 - k) 3 s 
And the curvature of the beam due to moment is ~ 
M 
'i>y = ......:I.-E I 
c y 
21. 
(6) 
Since the M ~ ~ curve is approximately a straight line up to 
yielding of the reinforcement, the distribution ~f curvature alo~ the 
beam is the same as that for momento Therefore the yield point deflection 
at midspan of a beam with third-point loading is: 
where L is the span of the beamo 
.~2o, At Maximum wad-Carrying Capacity 
The load and deformations at maximum load-carrying capacity can 
be determined by the use of an ultimate theory, derived in the following 
paragraphs. In this theory it is necessary to assume a stress block in the 
concrete which is represented by three parameters k l , k 2, and ~ as shown 
22. 
in Figo 2 and in the sketch below 0 
k f g 
oJ' 3 c 
". 
J 1\ '- k2a j ~ 
~ 
a ... '-
.. ~ 
~ 
d Cl=kl~f~ b 
( d-k2a: 
v T= A'f s ~ 
~ 
Strain Relation Stress Relation 
(a) Maximum Moment The maximum flexural load-carrying capacity 
of a concrete beam can be computed as follows: 
From statics, referring to the preceding sketch: 
pdf 
s 
M = T(d - k a) = pbdf (d - k a) 
max 2 s 2 
By substituting Eqo (Be.) in Eq. (9), M is obtained as foUows: 
max 
(8) 
(8a) 
F--
a 
~ 
and the 
The maximum moment given by Eqo (9a) can be determined if l' 
s 
k2 k 2 --quanti ty k lL are known. The value of' k k. varies somewhat 
15 . 15 
with f~, but from this and other investigations, a value of 0.5 has been 
found to provide the best ~greement with the results of experiment 0 The 
steel stress f may be at the yield point, above, or below it, depending 
s 
on the propert ies of the beam. Expressions f'or f are derived subsequent1y$ 
s 
(b) Maximum Moment Deformations The deformations corresponding 
to the maximum moment can be computed if the ultimate strain, € , in the 
u 
top of the beam and the corresponding steel strain, € J are known. Ultimate 
s 
concrete strains measured in the tests of' these beams are shown in Fig. 180 
For the calculations. included in this report , it- has been assumed that € 
u 
is independent of fV and equal to 000040 
. c 
If the strain in the tension reinf'orcement, E } and the ultimate 
s 
concrete strain} € :I in the top of the beam are know j the curvature of u 
the beam at the location of maximum moment can be expressed as: 
€ + e 
<t> ill t = _s~d-';';'u 
The strain in the tension reinforcement may be computed as 
follows: 
From the strain relations~ 
a 
d = € 
S 
€ 
U 
+ € 
U 
(10) 
(11) 
24. 
~hi1e from the stress relations: 
(12) 
From Eqs 0 (ll) and (12) ~ 
Values of ~ determined from the test results are plotted as a 
function of the concrete strength in Fig. 19. For the calculations in this 
report the following empirical equation has been usedo 
(14) 
The relation of this empirical expression to the results of the tests is 
discussed further in Section 18ao 
If ~ and fs are known, the steel strain, €s' can be determined., 
thus enabling the curvature of the beam. at the location of maximum moment 
to be computed 0 Expressions for f are derived in the following sectiono 
s 
Moment 
(c) Determination of Stress in Tension Reinforcement at Maximum 
'llie stress in the tension reinforcement, f , at maxl.inum moment can 
s 
be computed if the ultimate concrete strain, € , in the top of the beam., 
u 
the values of ~, and the stress-strain relatiqnship for the steel are 
kno'Wno The ultimate concrete strain, €u' is taken as 0.004; kl~ is computed 
from Eqo (14); and the stress-strain relationship for the steel is determined 
by coupon test or from an idealized stress-strain curve as shown in F1.g. 10 
Solving Eqs. (11) and (12) for f : 
s 
If the ·stress in the tension reinforcement is below the yield 
point: 
(from Fig. 1) 
And solving Egs. (15) and (16) for f , gives 
s 
f = 
s 
(16) 
If the stress in the tension reinforcement is above the yield 
point: 
and 
f = f + € E 
s 0 S 0 
f - f 
s 0 
€ = 
s E" 
o 
(from Figo 1) (18) 
(18a) 
And solving E9.s. (15) and (lBa) for f , gives 
s 
26. 
Y·E k ~fuE I f = 0 1 c u + ~ (E € ~ f)2 _! (E E ~ f ) (19) s p 4 ou 0 2 ou 0 
The remaining case is for the stress in the tension reinforce-
ment at the yield point, for which 
f = f 
s Y 
(from Fig. 1) 
In order to determine whether the stress in the tension re-
(20) 
- inforcement 
pf 
is above, at, or below the yield point, the critical values 
of q = Pz 
c 
be computed 
corresponding to € = e = E must be known. These may 
s y 0 
as follows: 
pf 
Solving Eqso (ll) and (12) for fU s : 
. c 
At both € = € and E = € , f = f and thus 
s y s a s y 
(21) 
The upper critical value of 9. is designated as qcro It marks the 
boundary between initial failure of the beam by crushing of the concrete 
and by yielding of the reinforcement" For q> q ,failure occurs initially 
cr 
by crushing of' the concrete while the reinforcement is still stressed be-
low the yield point; that is, f < f 0 The strain in the reinforcement, € , 
S Y s 
at the limiting condition for yield failures is equal to €. Substituting 
.J... 
this value in Eqo (22) J q is obtained as follows: 
cr 
The lower critical value of 9. differentiating between f = f 
s y 
and f > f at failure, is designated as q. The strain in the reinforce-
s y 0 
ment for this l:ilni ting condition is € = € • Substituting this value in 
s 0 
Eqo (22), ~ is obtained as follows: 
1 + 
€ 
o 
€ 
U 
(d) Determination of Midspan Deflection at Maximum Mom~nt 
(24) 
The deflection of a beam can be computed if the relation between moment 
and curvature is known 0 The moment to which a beam was subjected is knovm 
- from: the measured load and the dimensions of the beam. The relation be-
tween the moment and curvature can be determined from measured strains at 
a given loado However) the maximum moment-carrying capacity of a re-
inforced concrete beam can be computed from Eqo (9a) and the curvature of 
28. 
the beam due to pure flexure from Ego (10) 0 
The moment and curvature at the yield point can be computed from 
Eqso (4) and (6), and the moment and curvature at the maximum load-carry-
ing capacity can be computed as stated aboveo From these values, the 
diagram of moment vSo curvature can be represented approximately by straight 
lines as follows: 
M 
max 
M 
Y 
o~ __ ~~ __________________________________ ~~ __ 
<Pult 
The general nature of this curve agrees very well with the results obtained 
from measured strains in the constant moment region of the test beams. 
At the maximum load-carrying capacity of a beam, the maximum 
moment can be computed by Eq. (9a), and the distribution of moment along 
the beam can be determined from statics. The M - <I> relationship determined 
for the section of pure moment is assumed to apply throughout the entire 
length of the beam if the cracking due to shear is negligible. If this 
assumption is made, the following distribution of curvature at the 
maximum load-carrying capacity of a beam loaded at the third points is 
obtained: 
However the deflection of the beam is little affected by the 
shape or magnitude of the curvature diagram in the outer third of the 
beam. Consequently J a simplified distribution of curvature has been 
assumed as follows: 
For the above distribution of curvature along a beam loaded 
at the third pOints, the midspan deflection at maximum load.~carrying 
capacity can be exJ)ressed as follows: 
The, above computations for .6 uJ. t are valid only if the cracking 
30. 
due to shear is negligibleo This is true for the beams which were re-
inforced for shear with the clamp-on stirrups because the stirrups pre-
stressed the beam vertically in the outer-thirds of the beam. With the 
cracking due to shear thus inhibited, the beams acted as if they were 
subjected to pure moment which was constant in the central third of the 
beam span and varied linearly from maximum to zero in the outer thirds. 
However, the beams which were reinforced for shear with con-
ventional type stirrups showed extensive shear cracking in the outer 
thirds of the beam spano This is due to the fact that the concrete must 
crack before the stirrups can become effectiveo In most cases the cracking 
in the outer thirds due to combined shear and moment was as extensive as 
the cracking :in the central third of the beams. Therefore, for calculation 
of the deflections of the beams reinforced in shear with conventional 
stirrups, the effective cross-section whieh theoretically existed in the 
central third of the beam was assumed to act throughout the entire length 
of the bearno If this assumption is made the distribution o"f . curtature 
corresponds to the distribution of moment at maximum load-carrying 
capacity as shown belowo 
<l>ult' 
For the above distribution of curvature along a beam loaded at the third 
points, the midspan deflection at.maximum load-carrying capac! ty can be 
expressed as follows: 
.sL 2 ~ult = ~ L ~u1t (26) 
Bo BEAMS REINFORCED IN TENSION AND COMPRESSION 
13. At Yield Point 
As in the case of beams reinforced in tension only, the load and 
deformation at the yield point of beams reinforced in both tension and 
compression can be determined satisfactorily by use of the conventional 
~straight-line~ theory 0 However, if a more precise calculation is desired, 
a concrete stress block similar to that shown in Fig. 2 may be employed. 
If a linear stress-strain distribution in the concrete is assumed, 
as shown in the sketch below, the yield-paint moment and deformations for 
beams reinforced in tension and compression and-failing by yielding of the 
reinforcement can be computed as follows~ 
n A 
s 
Transformed Area 
d 
From the properties of the transformed section~ 
T=Af 
s Y 
Stress Distribution 
k' = ~2 [np + (1 - k") (n - l)p" ] + [Cn - l)p"l + np]2 [< n - l)p Q + np] 
(27) 
where 
n = E IE 
s c 
(28) 
and 
and 
A 
s 
p = bd 
and, from geometry, 
32. 
The moment acting on the beam when the ten·sion reinforcement is stressed 
to the yield point, f , is: 
..z 
The moment of inertia of the section, transformed to concrete is: 
I = b(k C d)3 3 2 3 b U2 --""'-____ """'-- + pnbd ( 1 "" kg) + p U (n - 1 )bd k U + k ~ - 1 y 3 
_ and the curvature of the beam due to moment is ~ 
M 
q> =--L.. 
y E I 
c y 
(34) 
Since the M - ~ curve is approximately a straight line up to 
yielding of the tension reinforcement and the diagonal tension cracks are 
negligible, the C:iistribution of curvature along the beam is the same as 
that for momento Therefore, the yield point deflection at midspan of a 
beam with third-point loading is: 
gL M 2 
= mrr L 
c y 
where L is the span of the beamo 
14, At Maximmn Load-Carrying Capacity 
The load and deformation at maximum load-carrying capacity can 
be determined by the use of an ultimate theory, derived in the following 
paragraphs 0 In this theory, which is a modification of the theory used for 
beams reinforced in tension only, it is necessary to assume a stress block 
in the concrete Which is represented by three parameters, kl , k2, ~, as 
shown in Fig. 2, and the stress in the compression steel to be at the yield 
point 0 The theory, presented in the following paragraphs, assumes that 
the compression steel has yielded at the maximum load and that it buckled 
when the concrete crushed 0 
Strain Relation 
a 
d 
T= A f 
s s 
Stress Relation 
(a) Maximum Moment The maximum flexural load-carrying capacity 
can be computed as follows: 
From statics: 
k k f'ba + f~~:bd pbdf 
1 3 c T S 
pdf ~ pVdf' 
S Y 
klk3:f~ a= 
and 
By substituting the value of .§:. from Eq .. (37a) into Eg. (38) J M is 
max 
obtained as follows~ 
or 
The maximum flexux'al capacity of a beam can be determined by 
k 
Ego (38a) if f and the quantity ~ k2 are known. As in the computations 
s Kl 3 k 
of the maximum flexural capacity of beam reinforced. in tension onlY9 k ~ 
1 3 
is assumed to be 0050 The value of f may be at the yield point) above, 
s 
or below it, depending on the properties of the beamo Expressions for f 
s 
are derived subsequently 0 
(b) Maximum Moment Deformations The deformations corresponding 
to the maximum moment can be computed employing the same principals used in 
the computation of the deformations of the beams reinforced in tension only. 
35· 
For these computations € is assumed to be independent of fB and equal to 
u c 
0.0040 
From the strain relation: 
ct>ult = 
The strain in the tens~on reinforcement may be computed as 
follows: 
a d=€ 
s 
€ 
U 
+ € 
U 
while from the stress relations: 
a (f= 
From Eqso (40) and (41): 
(40) 
(~l) 
(42) 
The values of k:t.~ are obtained from equation (14)" 
If ~k3 and the expression for fs are known, the steel strain, 
€ , can be determined, and the curvature of the beam at the location of 
...2. 
ma.x:im.um. moment can be computed 0 
following section. 
The expressions for f are derived in the 
s 
36. 
(c) Determination of the Stress in Tension Reinforcement at 
Maximum Moment With the assumption that the beam reaches its maximum 
flexural capacity when the concrete crushes, the stress at maximum moment 
can be computed if the ultimate concrete strain, E , in the top of the 
u 
beam, the values of kl~' and the stress-strain relationship for the steel 
are knOWllo The ultimate concrete strain, € , is assumed to be 0.004; 
..J! 
~~ is computed from Ego (14); and the stress=strain relationship for the 
steel is determined by coupon test or from an idealized stress-strain 
curve as shown in Figo 10 
Solving Eqso (40) and (41) for f ~ 
s 
If the stress in the tension reinforcement is below the yield 
point: 
f 
s 
€ = 
s E 
s 
then solving Eq. (43) and Eqo (16) for f ~ 
s 
(16) 
f = 
s [~~f~ + P'fJ + t ~uEs -p~f;r -tGuEs ~ P:f~ 
(44) 
37· 
If the stress in the tension reinforcement is above the yield 
point~ 
and 
f =f' +eE 
s 0 s 0 
f - f 
s 0 
e: = ---
s E 
o 
then solving Eg. (43) and Eg. (18a) for f : 
s 
_;!J~€ -f 
2 l: 0 u 0 
(18) 
(18a) 
The remaining case is f'or the stress in the tension reinforce-
ment at the yield point, for which: 
f = f 
s y 
In order to determine whether the stress in the tension re-
(20) 
inforcement is above, at, or below the yield point, the critical values of 
corresponding to € 
s 
These may be computed as follows ~ 
= € and € y S 
T'\T' _ T'\u.pu 
Solving Eqso (40) and (41) for r- sfB r -y 
C 
= e: must be known. 
o 
At both € = € and E = EO' f :: f 7 and thus ~ 
s y s s y 
The upper critical value of ~ is designated as qO 0 
cr 
(..46) 
It 
establishes the boundary between initial failure of the beam by crushing 
-of the concrete and by yielding of the reinforcemento For qO> qO 
cr' 
failure occurs initially by crushing of the concrete while the reinforce-
ment is still stressed below the yield point; that is, f < f. The strain 
s y 
in the tension reinforcement, € , at the limiting condition for yield 
s 
failures is equal to ~o Substituting this value in Eqo (47) q~r is 
obtained as follows: 
(48) 
The lower crl. t1.cal value of ~ marking the boundary between 
fs :: fy and fs > fy at failure, is designated as q~o The strain in the 
- tension reinforcement for this limiting case is IE = € 0 Substituting 
s 0 
this value in Eqo (47) qC is obtained as follows: 
o 
39. 
(d) Determination of Midspan Deflection at Maximum Moment The 
midspan deflection of abeam can be computed if the relation between moment 
and curvature is known" All the beams reinforced in compression had con-
ventional stirrups as shear reinforcement~ Therefore, the cracking due to 
shear was extensive for the same reasons stated in the case of beams re-
inforced in tension only and reinforced for shear by conventional stirrups. 
Since the beams were extensively cracked in the outer thirds of the beam 
span at the maximum load, the distribution of curvature along the beams is 
assumed to correspond to the distribution of moment at the maximum load-
carrying capac i ty of the beam as shown below: 
ct>ult 
For the above distribution of curvature along a beam loaded at 
the third points, the midspan deflection at maximum. load-carrying capacity 
can be computed as follows: 
15. Summary of' Equation s 
The :following equations, which were derived in the preceding 
sections, can be used to compute the critical quantities for the de-
termation of the load-deflection curves or the moment-rotation cUrves for 
reinforced concrete beams~ 
Beams reinforced in tens. ion only: 
k M = A f d(1 - -) y s y 3 
M 
4? =....:l-. Y EI 
c y 
2 M = :pf bd 
:max s E=~ Pf~ k k f'l 1 3 c 
€ + € Cfl
ult = s u d 
for beams in -which the shear cracking was inhi bi ted~ 
for beams in whi ch the shear ~,rack.ing was not inhi bi ted ~ 
Beams reinforced in tension and compression~ 
40 
( 4) 
(6) 
(10) 
., 
.J 
J , 
~ 
M 
CLl =.--L y EI 
c y 
M 
6. = 23 --L L2 
y216 E I 
c y 
€ + € S u ~ult = d 
(All beams exhibited extensive shear cracking) 
4l 
The quanti ties 'Which are essential in the determination of the above 
quantities can be obtaiJled from t.he following: 
Beams reinforced in tension only: 
pf 
q=~ 
c 
%= ~~e 
o 1 +-
€ 
U 
(22) 
(24) 
If q<% 
f = 
s 
f = f 
s y 
€ E 
us 
--2-
~E 1Lk....1"€ i f = o~:; c u + :; (E € _ f )2 - .! (E € - f ) 
s p. Li- 0 U 0 2 0 U 0 
Beams reinforced in tension and compression: 
Pf ., p'f' Y . Y q~ = - f~ -
c 
'b- = ~~€ 
1 + J:. 
€ 
U 
(17) 
(20) 
(47) 
(48) 
f = 
s 
follows~ 
If q'>~ 
If ~>q'>~ 
f = f 
s y 
o~ .:> C U 0 ~ y. y 0 + 1 E € _ f _ ~ E lLk.....f'€ + E € -p'f" - Pf:'f . G P ~.f'~2 
p Ji: 0 U 0 . l? 
- ~ E € - f _---l G 
Pfft] 
2 0 U 0 P 
k2 
The values of S~" ~~ , and €u were obtained em;pirica.lly as 
€ = 0.004 
u 
(Fig. 18) 
(Figo 19) 
(20) 
VI TEST RESULTS 
16 e Measured and Derived Quanti ties 
The following measurements were recorded after the application 
of eaCh increment of load or deformation: the maximum. load attained 
during the appl:ication of the increment, the deflection along the beamj 
the strains in the concrete and in the reinforcement; and the load the beam 
'WaS carrying after aJ.J. measurements had been taken (> In addition to these 
measurements, the crack pattern 'Was marked after each incrementj! a running 
log of any significant change iIi' the behavior of the test. was kept, and a 
continuous photographic record Was made of the beams during testing 0 
Auxiliary tests were made to determine the concrete strength and. 
the stress-strain Characteristics of the reinforcement~ The concrete 
strength was determined fram. three concrete cylinders cast from each batch 
of' concrete, and the stress-strain characteristics of the steel were 
determined from a tension coupon taken from each bar used in the fabrication 
, ' 
of' the beams (> These tests are described in Section 50 
The following quantities were deri ved from the measured quanti ties: 
maximum moment attained during an increment of load or deformation, and the 
ratio of that moment to the maximUm moment carried by the beam; angle 
change in the region of pure fleXures from the measured comrete and: steel 
strains; stress in the reinforcement)) from measured strains and the stress-
strain Characteristics obtained ~om coupon tests; and the deflection of 
the centraJ. portion of the beam due to pure flexure, obtained by subtracting 
the third-point deflection from the midspan deflectiono 
The measured and derived ~tities are presented graphically 
in the figures of the appendixo The figures in the appendix contain the 
following plots for each beam tested~ applied load VSe tension steel 
strain at midspan; applied load vs 0 concrete strain on top of beam at mid~ 
span; aPJ?lied load. vSo midspan deflection; applied load VSe load-point 
deflection; deflection along the beam at various stages during testing; 
ratio of applied moment to ma.x:imum moment attained during test vs 0 angle 
change at midspan; ratio of applied moment to maximum moment attained dur .... 
ing test vSo-deflection of midspan with respect t~ load~point; ratio of 
applied load. to maxjnmm load attained in test VSo midspan deflection; and 
ratio applied load to ma.x:imum load. attained in test vs 0 load-point deflectiono 
170 Mode of Failure 
(a) Ini tial Tension Failure The beams which failed initially 
in tension exhibited large deflections bet~en the yield load and the load. 
causing collapse;, as shown by the load...,deflection curves in the appendixo 
The relative ~tudes of these deflections are dependent upon the para-' 
meter .9. for beams reinforced in tension only}) as can be seen in Fig .. 200 
The follOwing st-ages were observed during the loading to collapse 
of beams reinforced in tension only~ The concrete cracked in tension under 
a relatively small load; as the load was inc:r"eased the tension reinforce-
ment yielded; then the beam underwent a relati-rely large deflection with 
li ttle further iner-ease in load 0 'When the concrete in the compression 
zone reached its limiting strain, the ma.ximum. load""carry:i.ng ca.paci ty of the 
beam was reached and compression failure occurredo 
In a beam reinforced in tension only, the distance dovm from the 
top of the beam. over 'Which crushing occurred was dependent upon the 
relative magrd tude of the tensile for,ce' and the concrete strength 0 This 
pf 
ratio is best re)?!"esented by the quantity q,. = r,.. When the depth of 
c 
ini tial compression failure is small compared to the depth of the beam, 
there is ample concrete remaining after initial failure to carry the 
compressive force that existed at maximum loado Howeverj the lever arm 
between the tensile and compressive forces is reduce~o Consequently, the 
load-carrying ca::paei"by is lowered and it continues to decrease as the 
compression failure progresses do"WIl through the depth of the beam., On the 
other hand, if the depth of initial compression failure is large, the 
remaining concrete in the compression zone may be able to carr,y only a 
small portion of" the compressive force that existed at maxjmum loado Con-
sequently, the load-carrying capacity drops to a very small fraction of 
-. 
that at maximum load as soon as the concrete crushes.. The above dis-
cussion shows that S is a major factor in the determination of the rate 
of drop in the load-carrying capacity once the maximum l.oad-c8.!1:"ying 
capacity is reached.. T"his is also sho"WIl in Figo 20 'Where the rate. of 
drop in the load-carrying capacity, in percent of the maxiwJID load 
attainedJ is seen to vaxy "With the reinforcing index So 
Until the tension steel yields,? beams which are reinforced in 
both tension and compression exhi bi t much the same behavior as the beams 
reinforced in tension only 0 The behavior after crushing of the concrete 
depends largely upon the amount of compression reinforcement and the 
effectiveness of the tieao If the-compression reinforcement is not tied 
or is poorly tied it will buckle as soon as the concrete crushes& However, 
-if the ties are effective.)' they will inhibit the buckling of the com-
pression steel after the concrete has crushed., Effecti ve ties also force 
the compression reinf'orcing bars to buckle locally between the ties 'Which 
enables the beam to exhibit a much more ductile failure than if the com-
pression reinforcement buckles over a long length as in the case of in-
effective ties. 
Figure 21 shows the influence ,91" effective and ineffective ties 
on the load deflection curveSo The beams chosen for comparison had compar-
able concrete strengths and identical reinforcement except for the method 
of tying the compression reinforcement. 
As discussed in Chapter !Vj the magnitude of the strain in the 
tension reinforcement at the maximum. loa.d.<»carrying capacity is dependent 
upon the parameter .s for the beams reinforced in tension only and ~ for 
the beams reinforced in tension and compressiono If the strain in the 
tension reinforcement at the maximum load.,.carrying capacity of a beam is 
beyond the yield range there will be a larger percent of increase in the 
load-carrying capacity between the yield and maxi nmm loads than if the 
strains in the tension reinforcement at failure are 'Wi thin the· yield range 0 
Beams which are reinforced in tension and compression deflect 
much more before there is a substantial loss of load-carrying capacity than 
a comparable beam reinforced in tension only 0 This is due mainly to the 
much larger strains in the tension reinforcement obtainable in beams rein-
forced in both tension and compressiono Figure 22 illustrates the relative 
magnitudes of the st::oains that w="-re attained in-the tension reinforcement 
of comparable beams - one with and one w.i thout compression reinforcemento 
These beams had comparable concrete strengths and identical. percentages of 
tension reinforcemento 
(0) Initial Compression Failure This discussion is oonce...~ed 
with beams reinforced in ~nsion only because in these tests com,pression 
48. 
failures were observed only in ;,eamswithout' compress16nrei.nf'orcement o t 
In order for a beam to fail initially in compression abnormally 
high percentages of tension reinforcement are requiredo An over-rein-
forced beam is one in 'Which the concrete in the compression zone bdls be-
fore the tension steel reaches its yield pointo This mode of failure, 
exemplified by beam TllL., shows little if a:o.y ductilityo As the beam is 
deflected" the concrete in the tension zone cracksJl then with a relatively 
small additional deflection the concrete in the compression zone crushes. 
Since a rather large tensile force is reqpired to cause a beam to fail in 
this manner.9 the depth of concrete involved in the initial compression 
failure is large compared to the depth of the beam.; therefore, the load 
c-arrying capaci t.y after a compression failure is only a small percentage 
of the maX; nnm! load-carrying capaci tyo The load deflection curve' of beam 
TllL, Figo 8 of the appendix, shows this abrupt drop-off in the load.-
carrying capacity after the m.a.x:in:rum load is attained in an over-reinforced 
beam 0 
As sho'Wll in Figo 23J the load-carrying capacity of a beam failing 
initially in compression is dependent upon the concrete strengtho On the 
other handj the maximum loa.d=carrying capacity of a beam fa,.iling in tension 
is little affected by the concrete strengtho 
( c) Balanced FailtU"e A balanced failure is one in which the 
tension reinforcement yields at the same instant that ~he concrete crusheso 
The load-deflection characteristics of beams which fail in this manner are 
very similar to those of beams 'With c~ession failureo It is believed 
that the failures of beams T4H and T5H are represen.tati ve of this type 
failure 0 
( d) Premature Shear Failure As stated previously, no shear 
reinforcement was provided in beams TlMb,? T2Ma, T2Mb, and T2Mc because the 
shear requirements of A~Colo 318-51 for beams without shear reinf'orcement 
were satisfiedo Beams T2Ma. and. T2Mb were reinforced in tension 'With 
straight deformed bars.9 beam T2Mc 'With hoQ'ked deformed bars.9 and beam TlMb 
wi th hooked plain bar's" 
Beams T2Ma~ T2Mb, and T2Mc failed in shear "Whereas TlMb failed 
in flexure with a secondary failure in bond in the middle third of the 
beam. span., Hooking the bars, in T2Mb did not prevent the shear failure 0 
Table 6 gi ves data and comparisons for the beams failing in shear and 
Fig., 24 shows some views of these beams after failureo 
In that the object of this phase of the investigation was to 
determine the load-deformation Characteristics of beams failing in flexure 
no further studies were made of the phenomena of shear failures 0 
180 Effect of Variables 
(a) Concrete Strength The effect of the concrete strength on 
the ma.x:i.mum load-carrying capacity is negligible for beams failing initially 
in tensiono This is illustrated by a com.parison of the maximum moments re-
sisted by beams TlLb and TlMao Beam TlLb with fll = 2520 and p = 0.62 
c 
resisted 20,,17 f'to=kipsJ and beam TJ.Ma 'With fll = 4600 and p = 0.,62 resisted 
c 
19" 51ft 0 -kips <) However J the concrete strength has a much greater effect 
on the ma.x:i.mum load""carrying capacity of beams which fail initially in 
compressione The load-deflection curves of beams. T5H and Tll.L in Figo 23 
illustrate thiso 
The concrete strength had little if any consistent effect upon 
the deflection at the ltIaxiImnn loadcacarrying capacity because the ultimate 
50. 
concrete' strain is relati vely independent of' the concrete strength. This 
is sho'WIl in Fig. l8 in which the ultimate concrete strain is plotted against 
the concrete strength. ,Although there is some scatter, there is no trena 
'With concrete strength and a value of' 0.004 is a reasonably good average 
for the ultimate concrete strain. 
As shown in Fig. 19, the factor ~ ~ 'Which is related to shape of' 
the stress block is dependent upon the concrete strength. The exact re ... 
lationship is unknown but the empirieal curve given in Fig. 19 yields values 
, ", 
of ~~ which are in fair agreement with the values found in this arid in 
another investigation in this laboratory. By using the va.::Lues of ~~ 
determined by this equation, ultimate deflections can be computed which 
agree with the test results 0 However, the curve is not accurately defined 
in the region of low concrete strengths. The empirical curve is not in-
tended to be used for concrete strengths below 2000 psi.? and further in-
vestigation is needed to establish the relation between ~~ and concrete 
strength ·in this regiono 
(b) Percen~e of Tension Reinforcement In these tests j the 
magnitude of the tensile resistance of the beams was varied chiefly by 
employing dii'ferent percentages of' reinforcement , however, minor vari-
ations were produced by the differenCeS in the yield strengths ot the rein-
, I 
forCing bars. Since the maximum load-carrying capaci ty of beams 'Which fail 
- initially in teDEiOD is dependent on the tensile resistance of the steeli 
it varied primarily with the percentage of tensile. reinforcemento This can 
- -
be seen in Figo 25.9 in which the plots of load vs. deflection of beams with 
approximately e quaJ.. .concr~te strengths and varying percentages of tension 
reillforcementare prea!ented 0 
On the other hand, the tensile resistance of the steel is not a 
critical factor in -the determination of the maXimum load-carrying capacity 
of beams which fail initially in compression. 
( c) Reinforcing Index For beams reinforced in tension only the 
pf .. . 
reinforcing index is q = f- UYi and for beams reini'orced in tension and com-
e 
pf - prf~ 
pression it is q'i = Y f U Y 4J In beams with tension reinforcement only, 
c 
the parameter 51 was found to be the controlling factor in determining the 
shape of the load-deflection curve after the yield load was attainedo Speci-
mens with low values of .9. exhibited a ductile f'ailure; that iS j they 'Were 
able to undergo large deformations at relatively constant high loads be-
:f'~e the maximum load was attained and the drop-off in the load-carrying 
capacity was very gradUal. beyond the maximwn. On the other band} those 
'With high values of 51 exhibited a brittle failure;> that is., they -were able 
to undergo little deflection before the maxi mum load -was attained; and the 
drop-off in load-carrying capacity was abrupt beyond the maximum~ The 
specimens w1th intermediate values of Shad load deformation Character-
istics between the two extremes descri bed above 0 The load-deformation 
characteristics of beams With various values of' oS. aresho'WIl in Figo 20 in 
"Which the load-ratio is plotted against midspan deflection for beams with 
different vaJ.ues of So It CSll be seen :from this figuI."e that S not only 
has a definite effect on the deflection at the ~mum load-carrying 
capaci ty, but also on the overall shape of the load deflection curve. 
In the beams provided with compression reinforcement, the effect 
of j[ on the shape of the load~deflection curve is partially masked by the 
added ductilit,y produced by the effectiveness of the compression reinforce-
ment ties.. However j the loadoe>ratio vs 0 deflection plots of beams C2xm., 
52. 
C3xm and c6xm in Fig 0 26 suggest thatJ for beams having the compression 
steel tied in the same manner, the shape of the load-deflection curve be-
yond yielding is dependent to some degree on the parameter.s,:o- However, 
a more comprehensive study is nee4ed be1"pre this can be definitely stated" 
(d) COmpression Reinforcement As a general rules the addition 
of a nominal amount of compression reinforcement makes it almost impossible 
to design a rectangular beam that will fail initially in compression be-
cause of the excessive amount of tension reinforcement that would be re-
. quiredo However!) no tests have been made in this investigation to validate 
this statement. 
The addition of compression reinforcement did not appreciably 
increase the maximum load-carrying capacity of a beam -which would have 
failed initially in tension ~thout the compression steel~ provided the 
tension reinforcement was not strained into the -work hardening region in 
ei ther case" This is shown by comparisons of the ma:x:i..mum load-carrying 
capacities of beams Tlifb, C2w and C~ 'Which 'Were 4007 kip-fto i 4107 kip-ft.} 
4408 kip-ftoj respectively 0 The tension reinforcement of C2w and C2xm was 
strained into work hardening but not to a marked degree" However, if a 
beam would have failed ini tially in compression 'Without compression rein-
forcement~ the addi~on of enough compression reinforcement to prevent 
initial compression failure 'WOuld force the beam to fail initially in 
tension and thereby raise the ma.x:i..mum load-carrying capacity .. 
As sho'WIl in Fig. 27 ~ the addi tion of effectively tied cOlJI.Pl."'ession 
-reinforcement enabled beam C2xm to carry a load near the marimnm with larger 
deflections than the comparable beam TlHa reinforced in tension only. The 
addition of compression reinforcement strengthens the compression zone and 
thus raises the neutral axis 0 This ena.bles a larger angle chaDge to take 
place before the concrete crushess> and thereby increases the deflection 
through which the beam can carry near maximum loads., 
( e) Method of Tying Compression Reinfor cement In order for 
the compression reinforcement to add the greatest amount of ductility to 
a beam it must be effectively tied; that iSj) the ties must be strong enough 
to force the bars of the compression reinforcement to buckle locally in= 
stead of over a long length 0 Figure 28 shows photographs of effective and 
ineffective ties af'ter beam failUre., The ties of beam C2~ sho'Wll in Figo 
28a were effective and forced the c(~ression steel to buckle locallYJ 
whereas the ties of C3xm sho'W!l in Fig 0 2& were not effective ~ 
Actually} the ties do not come into play until after the concrete 
has crushed; conse quently'~ the ties affect the shape of the load-deflection 
curve only after the m.a.ximum :Loa.d=carrying cap~ri ty has been reached., This 
can be seen in Fig., 2l in 'Which the load=ratio VBo the midspan deflection 
is plotted for comparable beams 0 
The two methods of tying the compression reinforcement are 
illustrated in Figo 40 In this s~..!"ies of te~tsJ method E!: of fabricatitlg 
the ties was superior tc method ~o Si..uce ties fabricated by method!: were 
anchored in the tension zoneJ the ends of the tie bars could not pull apart 
when the compression failure of the concrete occurredo Those ties :e~b"" 
ricated by method ~ were anchored in "the compression zone and could readily 
pull apart when the compression failure of' the concrete occurredo 
(f) Type of Shear Reinf'orcement The conVt='-D.tional verticaJ. 
stirru]?S that were employed in 1l1Ost of the beams of this investigation were 
not effective 1IDt.il the concrete cracked and conse quenUy could do little 
to :prevent cracking of the concrete., Therefore J even if a beam was heavily 
reinforced in shear with conventional. stirrups» there would still be cracks 
in a region of high shear 0 Ho"Wever J1 'When the clamp~on type stirrupsJ 
illustrated. in Figo 5.9 were usedJ) the beam was prestressed in a verticaJ. 
directionj and the cracking due to shear was inhibited or in some cases 
even eliminatedo The crack p~tterns for beams with conventional stirrups 
and with clamp'"'on stir:t"UJ?s are shown in the photographs of' Fig., 290 
Since the conventional stirrups allowed the beam to crack ex-
tensively in the region subjected to shearj the effective stiffness of 
the beam. in this region 'WaS reducedo This enabled the beam to deflect 
more than if the cracks had not formed» as in the case of a beam 'With 
elam@-on sti~so 
VII COMPARISON OF EXPERIMEl'J""'TAL .AND ANALYTICAL RES1JLTB 
The results of the theoretical analysis and the experimental in-
vestigation are compared in figures and tableso Although the ultimate aim 
is to develop moment-rotation relationships} most of the comparisons are 
of measured deflections rather than measured rotations since the deflections 
c'ould be determined more accurately" 
Comparisons of the analytical and test results have been made 
for the following Cluanti ties: tension reinforcement stress at the maximum 
moment, yield-point moments) maximum moments, midspan deflection at the 
yield-point, and midspan deflection at the maximum momento The results are 
given in ~ables 8, 9a) 9b) lOa, and lObo 
The theoretical values of the stress in the tension reinforcement 
at the maximum. moment, from EClS. (17), (19), or (20) for beams with tension 
reinforcement only and from EClso (44), (45); or (20) for beams with tension 
and compression reinforcement, compare favorably with the experimental re~ 
sults. As shown in ~ab:e 8, the ratio of the experimental to the theoret-
ical values for beams reinforced in tension only has an average of 0099 
with a range of 0090 to 1006 and for beams with tension and compression 
reinforcement an average of 1006 with a range of 0098 to 1018. l.rhe assump-
tions involved in the computations of the stress in the tension reinfoTcE:= 
ment at the_m~:imurn moment are as follows~ the maximum. moment to be 
reached when the concrete cI"l<..shes) an ultimate concrete strain of 0 0 004, 
the empirical values of klk3 to be valid, an idealized stress-strain curve 
for the steel as shown in Figo 1, and the comp~ession steel to be yielded 
at the maximum momento 
The theoretical vaJ...ues of the yield-point moments,Sl from Eqo (4) 
for beams with tension reinforcement only and nom Eq~ (33) for beams with 
tension and compression reinforcement, are in reasonably close agreement 
with the test resultso As shoYlIl in Table 9a~ the ratio of the experimental 
to the theoretical values for beams reinforced in tension only has an 
average of 0097 with a range of 0082 to 1005 and for beams reiDi"orced in 
tension and c~ession an average of 1001 with a range of 0097 to 10080 
The major assumption in these calculations is the straight line distribution 
of the stress in the concrete~ As can be seen in Table 9a, the beams 'With 
high values of .9. have higher experimental values of ~ than the theory gives 
because the stress distribution in the concrete at the yield point is no 
longer approximately linear in beams 'Which approach a balanced failure. 
The theoretical values of the maxiwlID-mom.ent capacity, from Eqo 
(9a) for beams reinforced in tension only and. from Eqe C;8a.) for beams 
reinforced in both tension and compression, are in good agreement 'With the 
experimental values 0 As sho'WIl in Table 9b, the ratio of the experimental 
to the theoretical values for beams reinforced in tension only has an 
average of 0.99 "With a range of 0085 to 1.08 and for beams reinforced in 
tension and. compression an average of 1003 wi tb. a range of 0.96 to 10080 
All of the assumptions made in the calculation of the tension reinforce-
ment stress plus k2/~~ = 005 are made in these calculations. 
The theoretical values of' the midspan deflection at the yield 
point, from E~a ( 7) for beams ~ th tension reinforcement only and from Eqo 
--C 36) fur beams with tension and com;pression reinforcement, are consistently 
lower than the test resultso The value of' the experimental yield-point 
deflection is taken as the value at 'Which the deflection starts to increase 
rapidly with little or no increase in 10000 As shown in Table 10a,9 the ratio 
of the experimental to the theoretical values for beams reinforced in 
tension only has an average of' 1022 with a range of 1004 to 1 ~ 56 and for 
beams reinforced in tension and compression an average of 1029 with a range 
of' 1015 to lo53e The consistently low theoretical values probably can be 
attributed to the values of E and the as~tion of linear stress dis= 
c 
tri bution in the conc:rete used in the computations 0 It also llIllSt be realized 
that the yield point deflection is difficUlt to ascertain by experiment _ 
since the deflection increases rapidly w.i thout further increase in load 
once the yield point is reachedo Therefore~ the measured value 'WOu1d always 
be larger than the actual vaJ.ue unless a continuous record were made w.Lth 
ail automatic device 0 
The theoretical values_ of the midspan deflection corresponding to 
the m.a.ximum-moment capacity.9 from Eqso ~25) or (26) for beams 'With tension 
reini'orcement only and from Eqo (36) f'or beams "With tension and compression 
reinforcement.? are in fair agreement w.ith the test resultse As shown in 
Tabl~ lOb j the ratio of the experimental to theoretical values for beams 
reinforced in tenEion only has an average of' 0093 with a range of 0076 to 
l028 and for beams reinforced in tension andeompression an average of 
1015 with a range of 0" 78 to 10770 The low theoretical value of the de-
:flection of beam TlLa. can probably be attributed to the uncertainties of 
the concrete e:b.aracteri rtic6 in a beam wi th a very small percentage of rein-
forcement; that i~: it is difficult to determine the properties of' the con-
crete -when only a very small area is involved in resisting the tension 
:f'orce 0 The low Wlue of the ratio of experimental to theoretical values of 
the deflection for beam TlMb is most likely due to a px:emature bond failure 
near the maxinmm load. since this beam was reinforced with :plain barsc The 
high values of th:e ratio of experimental to theoretical. deflections of the 
beams reinforced in tension and compression are probably due to the effe~tive~ 
ness of the compression reinforcement ties Whereas the low value of the ratio 
for beam C7w can probably be attributed to ineffectivrehess of the compression 
reinforcement because the large bars used as compression reimor'cement 'Were 
not tied in any :manner 0 
The theoretical and. experimental values of the yield=point and 
maximum -loa.ds and the corresponding deflections have also been compared by 
plotting the theoretical values on the experimental load=deflection curvey 
for _ .each beamo ~e theoreticaJ. and experimental values are -in good agree"" 
ment as can be seen in the plots presented in Figsc 1 through 33 of the 
appendix 0 
The theo:!:'etieal and e:x:.peximentaJ. values of 'the maxi mum moment 
capaci ty of the beams :provided with tension reinforcement only are compared 
:i.n Figso 30 and 310 In Figo 30 the values of M (Obs)/bd2f 1 VSe (] have ~ . c ~ 
been p1.otteds and .in Figo 31 the values of M~bi2f~ VEo pfs/f~ have been 
plotted~ In the computation of .9r the values of the yield point stress of 
the ~.nsion steel haYe been usedp 'Whereas in the computation of pf /:f' Ii the 
s c 
values of" the ten2ic!l ste!~l stress computed from Eqs 0 (17) » (19) or (20) 
can be obtained. -by' ~asing the yieJ..d point stress in the computation of the 
more accurate result can be: obtained in the computation of the maxi mum 
moment capacitJ of beams failing in tension if the computed tension steel 
stress is ui'edo The latter method. is also applicable to beams fa:!]ing in 
compression w.nereas the former is nota 
The load=deflection 'cuX'"tres may be approximated by connecting 
wi th straight lines the points co:rresponding to zero l,oad and deflectiony 
to the yield load and deflection,? and to the maxinrum moment and deflectiono 
Comparisons of' tohe measured and theoretic8J. load...,de.:flection curves aI"e 
presented in Figso 1 through 33 of' the a~ndix<> 
Table lO gives a comparison of the v-alues of the measured and 
computed r.usable energyr~ 0 The ~susable energy~C is the ares; under the load"" 
midspan deflection curve up to the deflection given in Table lOb "Where the 
load. starts dropping rapidly 0 Tb.e a.gr~~~t between the measured and 
theoretical values is as gODd as could be expected since the inaccuracies 
of' the computations of the critical moments and deflections are inherent 
in the computed values of the nusable energy'U 0 Also the theoretical load"", 
irr(i;gular 0 As s1:..')wn in TatlE :..l the: average ratio of the e::xperimental t::J 
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Beam fU 
c 
psi 
TlLa 2150 
TILb 2520 
T2La 2120 
T2Lb 2440 
T4La 2380 
T4Lb 2810 
T5L 2500 
TIlL 2900 
TlMa 4600 
TlMb 4750 
T2Ma 4320 
T2Mb 4020 
T2Mc 4460 
T3Ma 4800 
T3Mb 4110 
TlRa 5880 
TIHb 5180 
T2H 5400 
T3H 5920 
T4H 5260 
T5H 5900 
TABLE NO" l 
SUMMARY OF RESULTS 
FOR BEAMS REINFORCED IN TENSION ONLY 
Reinforcement d f Stirrups Amount and 
Size 
2-3 
2-4 
2~5 
2-5 
2-7 
2-8 
2-9 
4-9 
2-4 
2-6** 
2,~6 
2-6* 
2~7 
2-9 
2-9 
2-6 
2-6 
2-8 
4-7 
4~8 
4~9 
p 
ino y % psi 
10079 54300 0034 Clamp-on 
10072 46000 0062 1/4 @ 6" 
10065 40400 0097 1/4 @ 491 
10065 55400 0,,97 Clamp-on 
10051 44100 1090 Clamp-on 
10044 43300 2052 3/8 @ 411 
10.37 40200 3022 3/8 @ 4ft 
9·23 45300 7,,22 3/8 @ 2" 
10072 46200 0.62 None 
10058 42900 1038 None 
10058 47700 1038 None 
10.58 48300 1038 None 
10051 46800 1090 None 
lO.,37 41000 3022 Clamp-on 
10037 41700 3022 Clamp-on 
10058 44200 1038 3/8 @ 3 l/21 
1,0,,58 52200 lu36 Clamp-on 
10044 45600 2052" 3/8 @ -; J./rzt 
9052 43200 4020 3/8 @ 2H 
9038 42000 5061 Clamp-.on 
9.23 40600 7022 3/8 @ 2ft 
* Deformed bars hooked 
** Plain bars hooked 
M (obs) Mode of Failure max 
kip-fto 
13081 Tension 
20017 Tension 
24024 Tension 
29084 Tension 
39,,30 Tension: : 
47080 Tension 
53087 Tension 
67056 Compo 
19051 Tension 
32 .. 83 Tension 
27069 Shear 
29031 Shear 
37052 Shear 
61086 Tension 
62089 Tension 
35010 Tension 
40066 Tension 
53088 Tension 
67072 Tension 
77097 Tension 
86030 Tension 
TABLE NOo 2 
SUMMARY OF RESULTS 
FOR BEAMS REINFORCED IN TENSION AND COMPRESSION 
Beam fi Reinforcement d f' f' p' T1e8-)(- Stirrups M (o'bs) kH**-x-Amount and p c y y Spacing Type** max . Size 
psi Tens Compo inc pst 1)si % % ina kip 0 fto 
C2w 3940 2~6 2-4 10058 45400 44500 1,,38 0062 None 3/8 @ 6" 4107 0.891 
C2xm 4070 2~6 2~4 10.58 53300 47000 1,,38 0.62 8 m 3/8 @ 6H 44,,8 0.878 
C3w 4310 2'-9 2-7 10,37 1~1800 46700 3022 1093 None 3/8 @ 3~' 7001 0,,857 
C3xm 3890 2~9 2,~7 10037 41800 42500 3022 1093 12 m 3/8 @ 3" 7002 00857 
C3yna 3330 2=7 2-5 10051 45200 56100 1090 0098 5 n 3/8 @ 50 3408 00866 
C3ynb 4860 2~9 2~7 10037 42100 47400 3022 1.9.3 6 n 3/8 @ 3" 74.2 00850 
c4xna 2450 2~7 2=5 10051 45500 41400 1090 0098 10 n 3/8 @ 5H 44,0 00884 
C4xnb 24,30 2-7 2-6 10,,51 46400 44100 1,,90 1039 12 n 3/8 @ 3n 4900 0.856 
c4zn 3570 2=9 2~7 10037 41300 46400 3022 1093 3 n 3/8 @ 3li 7?cO 00857 
C5yn 4480 4=8 2,~8 9038 44000 )-1-3400 5061 2 080 6 n 3/8 @ 2 1/4r, 9008 00833 
c6xm 3680 4~8 2-8 9038 41800 40200 5061 2080 12 m 3/8 @ 2 1/4it 86.6 00833 
C7w 3480 4-8 2~8 9038 41600 43600 5061 2080 None 3/8 @ 2 1/4it 8502 0.833 
Mode of failure of all beams was tenslono 
* All ties 1/4" diameter 
** See Figo 4 
*** k"d = distance between the centroids of the tension and compression reinforcement; where d == distance from the top 
of the beam to the centroid of the tension reinforcementc 
TABLE NO" 3 
SIEVE ANALYSES OF AGGREGATES 
SAND 
Lot Percent Passing Sieve Noo Fineness 
4 8 16 30 50 100 Modulus 
1 9403 8206 64.9 3201 7.1 107 3.17 
2 9302 82.8 66.0 37.0 11.6 102 3008 
3 9800 80.6 64.5 3409 1004 2.1 3010 
GRAVEL 
Lot Percent Passing Sieve Noo 
1 1[2 3L4 3/.8 4 8 16 
1 100 7607 3704 1205 901 7.6 
2 100 5608 14.1 409 404 401 
3 100 76.9 36.1 607 2.5 i06 
TABLE NOo 4 
PROPERTIES OF REINFORCING STEEL 
Bar Yield Point Strain at f ** E** Ultimate Elongation Bar Location 
Size Noo Stress* Strain ·Work Hardening 0 0 Strength* in 8 in. Beam-Layer+ 
f -psi y € -% y € -'to 0 psi psi f u1t -psi % 
3 31 54300 00167 .1.98 I 38000 855000 83800 2008 TILa-B 
4 41 46200 0015:; 1075 30000 920000 74400 TlMa-B 
42 46000 00153 1082 :;0000 875000 74300 22.2 TILb-B 
4:; 44500 0.154 1.34 3:;000 875000 72:;00 22.6 C2w-C 
44 47000 00154 1054 33000 875000 76900 20.3 C2xm-C 
Average 45900 0.154 1.61 31500 886000 74500 21·7 
5 51 55400 0.171 1.48 41000 998000 87:;00 21.0 T2Lb-B 
52 40400 0.0153 1075 23000 1060000 65800 27.2 T2La-B 
53 41350 0.146 1062 29000 770000 68500 c4xna-C 
54 56100 00185 1036 43000 890000 86800 20.3 C3yna...c 
Average 48300 00164 1056 34000 9:;0000 77100 22.8 
6 61 47700 00153 1071 38000 564000 75200 23.0 T2Ma-B 
62 52200 0.173 1.90 39000 690000 77300 24.8 TIHb-B 
63 44200 00153 1.82 32000 682000 69600 25·9 TIHa-B 
64 45400 0.154 1054 35000 698000 73800 22.8 C2w-B 
65 53300 0.180 1.42 40000 925000 83800 21.3 C2xm-B 
66 47300 00154 1.65 35000 770000 74200 27·0 T2Mb-NB 
67 49300 0.154 1057 38000 767000 78200 26.0 T2Mb-SB 
68 44100 0.146 1098 34000 575000 69400 C4xnb-C 
Average 47900 0.158 1070 36000 709000 75200 24.4 
7 71 45000 0.153 0.97 33000 1240000 82500 21.6 T2Mo-B 
72 48600 00163 0080 38000 1350000 90700 16.7 IT2Mc-B 
,..,.,. 1.1."1 "'''' '" "I I.", "I 7<7 '7.AAAA , AAC'AAA r'1C'AAf"\ f")";l. (") ml.T", .. "O 
TABLE NOo 4 (con't) 
PROPERTlES OF REINFORCING STEEL 
--~---.-
Bar Yield Point St.rain at f ** E *.* Ultimate Elongation Bar Location 
Str~ss* Strain Work Hardening 0 0 Strength* in 8 ina + Size No, Beam-Layer 
f -psi y r-% y ~ .. % 0 psi psi fult -psi % 
-------
.~~~.~-~ 
r(h h~:C)OO o 153 lc36 32000 868000 72500 2408 T3H~T 
75 It 3300 0.153 1·31 30000 993000 75200 2205 T3H-B 
76 46700 0,154 1069 31000 868000 75800 24,,4 C3w-C 
77 42500 00154 lc35 32000 805000 73200 C3xm-C 
78 45500 00135 1072 31000 853000 74200 2604 C4xna-B 
79 45200 00139 1081 33000 730000 73600 2608 C3yna~B 
710 46400 00127 IJ:31 37000 640000 74500 2602 C4xnb-B 
711 47400 00125 1 088 34000 773000 74600 2400 C3ynb~B 
712 46400 00146 1066 34000 767000 73400 2500 C4zn-B 
Average 45300 00145 1048 33000 915000 76300 2308 
8 81 43800 00140 1067 32000 735000 71500 2902 T4H-T 
82 40200 0.144 1041 29000 B33000 68400 2504 T4H~B 
83 43300 00145 1086 28000 800000 71300 2505 T4Lb-B 
84 4·5600 Ov15.3 1044 40000 500000 72000 2603 T2H-B 
a5 43600 0.135 le73 29000 858000 63400 2801 C7w=C 
86 40300 00138 1·92 25000 890000 68300 2509 C7w=T 
87 42800 0~140 le07 33000 833000 72300 C7w-B 
88 40250 00154 1034 30000 768000 68800 2500 c6xm~c 
89 42800 00145 1023 37000 400000 71400 C6xm·~T 
810 40750 00145 1050 29000 832000 68250 260) C6xm-B 
811 43400 00146 1081 30000 758000 71200 2606 C5yn-C 
812 43000 00143 1066 30000 727000 71400 2608 C5yn~T 
813 44900 0.139 1073 33000 773000 73000 C5yn-B 
Average 42670 0.144 1057 31000 746000 70100 26.5 
TABLE NOo 4 (con It) 
PROPERTIES OF REINFORCING STEEL 
Bar Yield Point Strain at f ** E ** Ultimate Elongation Bar Location 
Size Noo Stress* Strain Work Hard.ening 0 0 Strength* in 8 in. + Beam-Layer 
f '~>psi E ~,% 
€ -% psi psi fult ~:psi % y y 0 
9 91 41000 00152 1.71 29000 767000 68400 2904 T3Mb-B 
92 41700 00152 2002 28000 708000 66600 27~5 T3Ma-B 
93 40150 00133 1060 27000 822000 68200 3000 T5L-B 
94 41250 00134 1081 27000 788000 68900 2708 T5H-T 
95 40050 00154 1062 28000 788000 65650 2900 T5H~B 
96 48400 0.154 1010 36000 1130000 84450 TIIL~T 
97 42250 0,154 1073 28000 810000 69500 2506 T11L-B 
98 41750 00154 1092 27000 773000 68450 2508 C3w-B 
99 41850 00154 1,,73 27000 815000 69420 C3xm-B 
910 42100 0.116 1085 30000 657000 68900 C3"ynb~B 
911 41300 00135 2001 29000 683000 66350 30.4 C4zn~B 
42000 2802 Average 00145 1074 29000· 816000 69500 
6P 6lP++ 43300 00135 2031 27000 7'10000 66600 3400 TlMb= NB 
62P 42500 
Average 42900 
00135 2.23 
00135 2027 
* Based on nominal area 
** See Figo 1 
+ Layer of steel 
C = Compression 
27000 710000 63600 
27000 710000 65100 
T = Top layer of tension reinforcement 
B = Bottom layer of tension reinforcement 
3203 
33.2 
NB ~ North side of bottom layer of tension reinforcement 
SB ~ South side of bottom layer of tension reinforcement 
++ Plain bars 
TlMb- SB 
Note~ Some bars broke outside gage line; therefore, no elongation recording was made" 
Beam Concrete 
Strength 
psi 
Batch 
1 2 
TlLa 1860 2150 
TlLb 3550 2520 
T2La 2690 2120 
T2Lb 4740 2440 
T4La 2910 2380 
T4Lb 3420 2810 
T5L 3720 2500 
TIll 3500 2900 
TlMa 3840 4600 
TlMb 4850 4720 
T2Ma 4280 4360 
T2Mb 3860 4015 
- T2Mc 4560 4380 
T)Ma 4550 4110 
T3Mb 4850 4940 
TlHa 5880 5880 
TlHb 4540 5180 
T2H 5590 5400 
T3H 5790 5920 
T4H 5100 5260 
T5H 5940 5900 
C2w 4100 3940 
C2xm 3220 4070 
C3w 4650 4310 
C3xrn 3360 3890 
C3yma 3530 3330 
C3ynb 4490 h860 
c4xna 2510 2450 
C4xnb 2000 2~30 
c4zn 3340 3570 
C5yn 4150 448c 
c6xrn 3400 3680 
C7w 3570 3480 
* 
TABLE NOo 5 
PR.OPERTlES OF CONCRETE Ml.XTUBES 
,Cement* A~~et;;ate* Assregate* 
Water Cement Sand 
Batch 
1 2 
0098 1000 10 0 80 2014 
0.88 0090 10070 2.10 
1013 1007 10010 2015 
1003 0·97 10030 2·35 
0099 0099 11000 2026 
1.02 1002 100'80 2.28 
0.86 0.,86 10080 2025 
1026 1024 7 .. 86 2057 
1.46 1.42 E3047 2071 
1057 1057 6071 2051 
1.28 1037 7.,44 2055 
1045 1054 7040 2.50 
1079 1·79 6,,75 2055 
1047 1044 8047 2068 
1045 1.42 7094 2055 
1089 1089 5091 2060 
lu65 1061 fLoc 2053 
1·)95 1'095 6001 2052 
2015 2000 6005 2051 
1.62 1060 8~OO 2052 
1"81 1089 6002 2051 
1,32 1032 8060 2064 
1,40 1046 8058 2066 
1 37 1040 8060 2064 
1.37 1037 8050 2066 
1.26 lr.26 Et 74 2052 
1.52 1052 . $,,65 2064 
0.94 0094 lO.,60 2022 
0,92 0096 10060 2023 
l.lli 
" 37 8060 2.63 1 42 1,,42 8060 2065 
1032 1034 8062 2065 
1,29 1029 8054 2066 
All ratios based on weight 
Slump Age 
ino Days 
Batch 
1 2 
6 2 67 
5 1/2 6 57 
2 2 59 
9 7 44 
3 2 63 
11/2 1 61 
2 2 J/2 60 
2 l' 57 
11/2 3 28 
3 2 29 
4 11/2 36 
6 5 34 
1/2 1 36 
11/2 2 70 
1 1 43 
3 21/2 52 
1 11/2 43 
3 2 40 
21/2 2 36 
3 1J/2 42 
2 2 i/2 35 
21/2 3 52 
2 2 48 
21/2 3 54 
11/2 2 48 
3 11/2 28 
1 1 47 
6 6 34 
6l/2 6 44 
1/2 4 43 
2 3 40 
6 3 34 
2 3 50 
TABLE NOo 6 
TEST RESULTS OF BEAMS FAILING 
Beam Data 
Average concrete strength; 
6 x 12 ino cylinders=psi 
Reinforcing steel~ 
Percent - p 
Yield Point; f ~psi y 
Depth to steel; d-ina 
- pf 
Reinforcing Index; q = ~ 
c 
End Anchorage 
Test Results 
m SEEAR 
Ultimate load capacity; :l '\ P
ult =\obsjc,lb. 
Nominal shear stress at P
ult ..,(oos) 
As fraction of f! 
c 
* V 
v =bjd where ~ V := total shear 
i = 1 k 
u 3 
v=psi* 
T2Ma T2Mb T2Mc 
4320 4020 4470 
1u38 1038 1090 
47700 48300 46860 
10~58 10058 10051 
_00152 00166 00199 
None Hooks None 
17400 18450 2.3900 
198 204 223 
00036 00041 00046 
TABLE NO,,·· 7a 
CRITICAL AND ACTUAL VALUES OF TEE REINFORCING INDEX FOR BEAMS 
WITH TENSION REINFORCEMENT ONLY 
Beam CIcr CIo 
TlLa 0009 1009 0026 
TlLb 0.11 0.,88 0022 
T2La 0018 1015 0030 
T2Lb 0,,22 0088 0,,27 
T4La 0035 0097 0030 
T4Lb 0039 0,,79 0,,19 
T5L 0052 0092 0.25 
TllL* 1013 0067 0,,2'+ 
TlMa 0.06 0.,59 0015 
TlMb** 0 0 12 0,,61 0012 
T2Ma 0,,15 0.61 0,,16 
T2Mb 0,,17 0,,62 0017 
T21vlc 0,,20 0,,59 0026 
T3t-ia 0027 0058 0013 
T3Mb 0,,33 0062 0016 
TlHa 0.10 0055 0,,14 
TlRb 0,,14 0055 0014 
T2H O02l 0056 0017 
T3H* 0,,30 0049 0.20 
ThH* 0046 0051 0019 
T5H* 0,,50 0050 0,,17 
* Two layers of tension reinforcement 
** Plain bars for reinforcement 
Mode of 
Failure 
Tension 
Tension 
Tension 
Tension 
Tension 
Tension 
Tension 
Compo 
Tension 
Tension 
Shear 
Shear 
Shear 
Tension 
Tension 
Tension 
Tension 
Tension 
Tension 
Tension 
Tension 
TABLE NOo 7b 
CRITICAL AND ACTUAL VALUES OF ,THE REINFORCING INDEX FOR BEAMS 
WITH TENSION AND COMPRESSION REINFORCEMENT 
Beam q2 q~r q~ Mode of 0 Failure 
C2w 0.09 0.63 0018 Tension 
C2xm 0008 0058 0.18 Tension 
C3w 0010 0.62 0.14 Tension 
C3xm 0,,14 0063 0.16 Tension 
C3yna 0.09 0.71 0017 Tension 
C3ynb 0.09 0.61 0014 Tension 
C4xna 0019 0095 0.24 Tension 
C4xnb 0011 0097 0~23 Tension 
C4zn 0.12 0068 0015 Tension 
C5yn* 0028 0.55 0028 Tension 
c6xrn* 0.,33 0·53 0.21 Tension 
C7w* 0·32 0048 0.17 Tension 
*Two layers of tension reinforcement 
TABLE NOo 8 
COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
OF STRESS IN THE TENSION REINFORCEMENT AT 
MAXIMUM MOMENT 
Beams with Tension Beams with Tension and 
Reinforcement Only Compression Reinforcement 
Beam f @M - ksi Beam f @M - ksi s IIlax s max 
Exp Theo ~ Exp The 0 ~ Thee Thee 
TlLa 7108 7707 0~93 C2w 5108 5302 0.98 
TlLb 5800 56,,9 1002 C2xm 68.2 60~7 1012 
T2La 48 0 4 48·9 0·99 C3w 4501 44.7 1001 
T2Lb 58.7 5806 1000 .c3xm 43.5 43,,4 1000 
r:r4La 4402 44,,1 1000 C3yna. 5803 5106 1013 
T4Lb 43,,0 43,,3 0099 C3ynb 5405 4508 1018 
T5L 40.5 40.2 1,,01 C4xna 50.8 48.2 1005 
TIll 3302 3302 1000 C4xnb 5703 5308 1006 
TlMa 5600 6203 0,,90 c4zn 50.5 4303 1017 
TlMb 42.7 42~9 1000 C5zn 4308 4400 1000 
T3Ma 41.,0 4100 1,,00 c6xm 4008 4108 0098 
T3Mb 4200 41.7 1001 C7w 41~2 41,,6 0099 
TlHa 4707 4708 1000 Average Ratio 1.06 
TlHb 5507 5109 1.06 Range 0098 - 1018 
T2H 45,,6 4506 1000 
T3H 43,,6 4302 1000 
T4H 4105 4200 0099 
T5H 4006 4o~6 1000 
Average Ratio 0·99 
Range 0090 - 1006 
TABLE 9a 
COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
OF YIELD -POINT MOMENT 
Beams with Tension 
Reinforcement Only 
Beam 
TlLa 
TlLb 
T2La 
T2Lb 
T4La 
T4Lb 
T5L 
TllL* 
TlMa 
TlMb 
T3Ma 
T3Mb 
TlHa 
TlRb 
T2H 
T3H 
T4H** 
T5R 
M - kip-ft 
Y 
Exp Theo ~ Thea 
10.2 ge9 1003 
1504 14.8 1e04 
2006 1906 1005 
2601 260t3 0097 
3705 39.2 0096 
4700 49.7 0 0 95 
48,,4 56.8 00t35 
1505 15·1 1,03 
30.2 2902 1003 
6005 5902 1002 
5801 59<9 0097 
2908 3Oc3 0098 
3402 350: 0096 
5103 h3"4 0,,96 
6501 60.1 0096 
83,7 
8107 99,5 0.82 
Average Ratio 0.97 
Range 0.b2 - 105 
* Compression failure 
Beams with Tension and 
Compression Reinforcement 
Beam M - kip-ft 
.y 
Exp Thea Exp The 0 
C2w 3204 31.1 1004 
C2xm 3800 3504 1007 
C3w 6204 6004 1003 
C3xm 6603 61~5 1009 
C3yna 41.0 4001 1.02 
-C3xnb 62.4 62.0 1001 
c4xna 400l 4104 0097 
C4xnb 4208 42Q2 1001 
C4zn 5903 60.7 0.98 
C5yn 8708 8905 0098 
c6xm 8409 8502 1.00 
C7w 8400 8407 0099 
Average Ratio lo02 
Range 0098 - 1009 
** Experimental value not recorded 
TABLE 9b 
COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
OF THE MAXIMUM MOMENT CAPACITY 
Beams with Tens ion Beams with Tension and 
Reinforcement Only Compression Heinforcement 
Beam M ~ kip-ft Beam M - kip-f't 
max Exp max Exp Exp Thea Exp Theo Thea The 0 
TlLa 1301 1404 0·9l C2w 4009 38.1 1007 
TlLb 1904 18,,8 1,,03 C2xm. 4401 4301 1002 
T2La 2305 23.8 0099 C3w 6903 6806 1001 
T2Lb 2901 28u4 1.02 C3xm 6905 6605 1005 
T4La 3708 3802 0·99 D3yna 4908 4603 1008 
T4Lb 47uO 4709 0098 C3ynb 7304 69,,4 1006 
T5L 5301 51.8 1003 C4:x:na 43n2 4500 0096 
TilL 6608 61~7 1008 C4xnb 4802 5001 0096 
TlMa 1807 21.2 0088 c4zn 7103 6601 1008 
TlMb 3200 31.0 1003 C5Yn 9001 9100 0099 
T3Ma 62.,1 6105 1001 c6xm 85,,8 8601 1000 
T3Mb 6101 6007 1001 C7w 8405 8600 0090 
TlHa 3403 34-08 0099 Average Ratio 1003 
TlHb 3909 37u2 1007 Range 0096 - 1008 
T2H 5301 55u9 0095 
T3H 6700 69.7 0096 
T4H 7702 8004 0096 
T5H 85,,5 10002 0085 
Average Ratio 0099 
Range 0085 - 1008 
TABLE lOa 
COMPARISON OF EXPERD1ENTAL AND THEORETICAL VALUES 
OF MIDSPAN DEFLECTION AT YIELD POINT 
Beams with Tension Beams with Tension and 
Reinforcement Only Compression Reinforcement 
Beam ~ - ino Exp Beam ~ - ino ~ y y 
Exp Thea Thea Exp Thea Thea 
TlLa 0030 0027 loll C2w 0036 0027 1031 
TlLb 0030 0025 1 0 20 C2xm 0045 0·32 1039 
T2La 0.27 0.25 1008 C3w 0.46 0030 1053 
T2Lb 0.36 0034 1.06 C.3xm 0,,40 0031 1031 
T4La 0038 0032 1.19 C3yna 0.38 0 .. 30 1.27 
-
T4Lb 0046 0034 1·35 C3ynb 0042 0,,30 1.,39 
T5L 0049 OJ35 le hO c4xna 0037 0,,31 1019 
T1lL* C4xnb 0.38 0,,31 1022 
TlMa 0.25 0,24 1.04 C4zn 0040 0·30 1031 
TlMb 0034 0,,26 1~31 C5yn 0050 0041 1022 
T3Ma 0050 0.32 1,56 c6xm 0·50 0040 1025 
T3Mb 0.38 0"34 1.12 C7w 0.46 0040 1015 
TlHa 0037 O~27 1 37 Average Ratio 1029 
TlHb 0037 0·32 1.15 Range 1,,15 1053 
T2H 0037 0.33 1.12 
T3H 0",48 0,39 1 23 
T4H* c 44 
T5H 0055 0 h7 1 .17 
Average Ratio 1.22 
Range 1~()4 - 1.56 
'* 
CompreEsion Failure 
** Deflection at yield-point not obtained 
TABLE lOb 
COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
OF MIDSPAN DEFLECTION AT MAXThfJIvI LOAD 
CARRYING CAPACITY 
Beams with Tens ion Beams with Tension and 
Reinforcement Only Compression R.einforcement 
Beam 6
ult - ino 
Beam lhlt 
- ino ~ Exp Theo Exp Exp The 0 Theo Theo 
TILa 4.>95 3087 1028 C2w 3023 3053 0092 
TlLb 3097 4001 0,.99 C2xrn 4(.22 3010 1036 
T2La 3007 3033 0·93 C3w 3046 3022 1.07 
T2Lb 1083 1,,77 1003 -C3xm 4,,10 2,,81 1046 
T4La 1010 1,026 0087 C3yna 4,,62 3049 1032 
T41b 1001 Iv33 0.76 C3ynb 6,,09 3076 1,,62 
T5L 1.,05 1013 0,,93 c4:xna 2,,98 2v86 1<004 
TIIL* 0058 C4xnb 4,,29 3·,58 1020 
TlMa 3,,30 300b. 1,,09 c4zn 5 .. 60 3016 1077 
TlMb 1092 3,,06 0063 C5yn 1000 1,,99 0,,50 
T3Ma 8,97 1,19 0.,82 c6xm 1021 1071 0071 
T3Mb 0,,93 l(.o8 ~0(j6 C7w 1075 2,,25 0,,78 
TIHa. 2064 3,,19 Ou83 Average Ratio 1015 
TlHb 1"87 1.85 1.,'J1 Range O.,7d ~ 1077 
T2H 1,,48 l.,'74 0085 
T3H 1034 1,,29 1'J04 
T4R 1007 1.,85 .1,,01 
T5H* 0,82 
Average Ratio 0·93 
Ra..."1ge 0063 ~ 1,28 
-)Eo Ul t ims. te deflection not observed 
TABLE NO,- 11 
COMPARISON OF EXPERIMENTAL AND THEORETICAL VALUES 
OF NUSABLE ENERGyn 
Beams with Tension Beams with Tension and 
Reinforcement Only Compression Reinforcement 
Beam ~!U sable EnergyU kip-in Beam nUs able Energycu kip -in 
Exp Theo Exp Exp Theo Exp Theo The 0 
TlLa 38.5 3002 1027 C2w 7308 77J3 0095 
TlLb 4507 4304 1005 C2xm 111,·3 77,,4 1044 
T2La 4301 46.3 0095 C3w 14209 ° 1320 6 1008 
T2Lb 30,,5 2904 1,,04 C3xm 17804 11302 1057 
T4La 22,,6 28u4 0080 C3yna 13506 9609 1.40 
T4Lb 24,,0 3108 0,,64 C3ynb 26.3,,3 15800 1,,66 
T5L 28 0 0 3409 0.,80 c4xna 76,,8 77.6 0099 
TI1L* 11u9 C4xnb 122~.5 105,,0 1~17 
TlMa 38u2 3500 1009 C4zn 23500 127~O 1084 
TlMb 37,.0 5808 0063 C.5yn 4305 10700 0040 
T3Ma 2806 41,4 0069 c6:xm 5302 86,,0 0062 
T3Mb 2905 36,5 0081 C7w 8108 11600 0,,71 
TlHa 53,·0 66.0 O~81 Average Batie 1015 
T;LRb 43.2 ul"O 1005 Range 0040 - 1084 
T2B 44,,5 57,2 0>18 
T3H 4901 50_2 (L98 
T4H 2000 29·9 Ou67 
T5H* 38u8 
AveragE Ratio 0088 
Range 0,.63 - 1,.27 
* 
Deflection not obtained at M 
max 
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APPENDIX 
GRAPHICAL PRESENTATION OF EXPERIMENTAL DRrA 
The appendix contains the following plots for each 
beam tested: 
App. Fig. 1 - 33 
(a) Load vs. midspan deflection 
(b) Load VSo load-point deflection 
*App. Fig. 34 - 66 
(a) Deflections along beam at various load 
increments 
App. Fig. 67 - 99 
( a) Load vs. tens ion steel strain at midspan 
(b) Load vs. concrete strain on top of beam at 
midspan 
*App. Fig. 100 - 132 
(a) Ratio of applied load to maximum load 
attained in test vs. midspan deflection 
(b) Ratio of applied load to maximum load 
attained in test vs. load-point deflection 
*App. Fig. 133 - 165 
(a) Ratio of applied moment to maximum moment 
a:.tained in test vs. angle change at midspan 
0:'"' beam 
(b) R~tio of applied moment to maximum moment 
a:tai."1ed in t.est vSo deflection at midspan 
.itt ~espect to the load pointsa 
* These figures not included in the reprinting of -June 1959. 
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